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Abstract 

Superspace parametrized by gauge potentials instead of metric three-geometries is 
discussed in the context of the Ashtekar variables. Among other things, an "internal 
clock" for the full theory can be identified. Gauge-fixing conditions which lead to the 
natural geometrical separation of physical from gauge modes are derived with the use of 
the supermetric in connection-superspace. A perturbation scheme about an unconventional 
background which is inaccessible to conventional variables is presented. The resultant 
expansion retains much of the simplicity of Ashtekar 's formulation of General Relativity. 
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In the ADM formalismfl], the superhamiltonian constraint can be written as 

H = (16irG)G ljkl K lJ K kl + a 3 R = (1) 

where a takes the value of +1 for spacetimes of Euclidean signature and —1 for spacetimes 
of Lorenztian signature. As noted by the authors of Ref. 2, the theory has an interesting 
strong coupling limit or zero signature limit at which the potential term vanishes and only 
the kinetic term which is quadratic in the momenta remains. Gijki can be assumed to be 
the metric of superspace (the space of 3-geometries described by the equivalence classes of 
spatial metrics under 3D-diffeomorphisms) and it has the form [3] 

Gijki = n rj—r (9ik9jl + 9u9jk - 9ij9ki) (2) 

with inverse 

G ijkl = \ VW\(9 ik 9 il + 9 ll 9 jk ~ 2</V) (3) 

The supermetrics are ultralocal in the spatial metric variables. Moreover, an intrinsic time 
parameter which is proportional to ln|^| can be identified since the supermetric 

5S 2 (x) = \VW\{9 ik 9 jl + 9 U 9 3k - 2 9 ij 9 kl )S gij 8g kl (4) 

has hyperbolic signature (— , +, +, +, +, +)[3]. This suggests that in quantum gravity, es- 
pecially in the context of spatially compact manifolds, a preferred degree of freedom of 
the theory can be singled out as the "internal clock" relative to which other degrees of 
freedom of the theory evolve according to the dynamics governed by the Wheeler-DeWitt 
Equation. The adoption of such an approach could lead to a resolution of the issue of time 
in quantum gravity. (For a discussion on the "issue of time" in quantum gravity in the 
context of the connection variables we will be focussing on, see Chap. 12 of Ref. 7). With 
expression (4) as the metric of superspace, in the strong coupling (zero signature) limit, the 
superhamiltonian constraint can be interpreted to be the free Klein-Gordon equation[2]. 

Ashtekar has achieved remarkable simplifications of the constraints of General Rela- 
tivity by introducing SO(3) gauge potentials as fundamental variables [4— 7]. In terms of 
the new variables, the constraints for pure gravity read 

G a = D,a ia = (5a) 
Hi = e ijk & h a ia = (56) 

H = e ljk e abc B kc a ia a^ b = (5c) 
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where the magnetic field 



ia — 



(6) 



The tildes above and below the variables denote the fact that they are tensor densities of 
weight +1 and —1 respectively. In the above, lower case Latin indices from a to c denote 
internal SO(3) indices while indices from i onwards are spatial indices. All these indices 
run from 1 to 3. We can replace e a b c by the tensor density e a & c in (5c) so that rather 
than being of weight two, the superhamiltonian is of weight one as is the case for H with 
the ADM variables. This makes the supermetric in connection superspace, expression (16) 
below, gauge and 3D-diffeomorphism-invariant without the introduction of metric or triad 
variables. 

In particular, among the simplifications achieved by Ashtekar, there is remarkably no 
potential term in the superhamiltonian constraint of the full theory, if we treat a ia as the 
momentum variable, and adopt the natural choice of 



as the contravariant metric for the space of "gauge-invariant 3-geometries" described by 
the equivalence classes of Ashtekar connections under gauge transformations and 3D- 
diffeomorphisms. This definition of the supermetric does not involve the variables a ia 
or gij . In terms of vielbeins 




kc 



(7) 



iajb 





(e°)ia(e°) jb - (e' c d ) ia (e' d c) jb 



(8b) 



where the vielbeins can be taken to be 




(9a) 




Here b ia denotes the inverse of the magnetic field and 



is the determinant of B ia . Notice however, that unlike expression (2), the supermetric (8) 
is not ultralocal in A. See Ref. 8 for some comments on the trade off between an ultralocal 
supermetric with a local potential term in the ADM formalism and a local supermetric 
without any potential in the Ashtekar formalism. The covariant supermetric, the inverse 
of Q ia j b in the Ashtekar formalism, is readily computed to be 

Qiajb _ £-1 | ^ ia B jb - B ib B ja ^ (11) 



with 



G (x)G k ^ b (x) = Q. b Jx)G«™(x) = 8^5\ (12) 



x denotes the coordinate on an initial-value hypersurface. Since 

det (fi m , fc ) = {det(G^)}" 1 = -2& (13) 

the inverse (covariant) supermetric exists if and only if the magnetic field is non-degenerate. 
In this report, unless stated otherwise, we shall deal only with Ashtekar variables that are 
real and side-step the reality conditions [4— 7] that have to be imposed on the Ashtekar 
variables. For space-times with Euclidean signature, it is consistent to assume that all the 
variables are real. 

In superspace parametrized by gauge potentials, the supermetric takes the form 

5S 2 (x) = G iajb {x)8A ia (x)SA jb (x) (14a) 
= B- 1 \^{B ia 8A ia ){W b 8A jh ) - {B ia 5A ih ){W b 8A ja )^ (146) 

= B- 1 !^(5X\) 2 -5XZ5X b } (14c) 

where the local coordinates X a b are defined by 

5X a b = B ia 5A lb ; 8X£ = 5X\ - ^5 a b (5X c c ) (15) 

Curvature of superspace obstructs the integrability of the local coordinates. The super- 
metric 

5S 2 = J d 3 xG tajb (x)5A ta (x)5A jb (x) (16) 



is clearly diffeomorphism and SO (3) gauge-invariant and does not require the metric vari- 
ables a ia or gij for it to be defined. The supermetric has signature 

sign(S- 1 )(+, +, +, +, -, -, -, -, -) (17) 

since a straightforward decomposition of SX into symmetric traceless and anti-symmetric 
parts 

8X% = 5S a b + \t a hc 6T c (18) 

yields 

5S 2 (x) = B- 1 !^(SX a a ) 2 - 6X£6X^ 
= B- 1 {±(6X a a )* + ±(6T°)(6T c )} 

- ^(SS 1 *) 2 + 2(dS 2 3 ) 2 + 2(dS\) 2 + ^(8S\ + 5S 2 2 ) 2 + ^(8S\ - 5S 2 2 ) 2 } (19) 

It will be shown that when restricted to the physical subspace modulo the constraint 
(5b), the hyperbolic supermetric has signature sign(S _1 )(+, — , — , — , — , — ) and the anti- 
symmetric matrices e a b c oT c drop out. 

The factor B~ l would have been a conformal factor in 8S 2 (x) were it to be positive 
definite. We make no such restrictions; but note that the signature of the supermetric 
is determined by the sign of -B -1 , so that there is a switching of time-like and space-like 
coordinates in connection-superspace when B reverses sign. This situation is much akin to 
what happens in spacetime when one crosses the horizon of a black hole. This parallel is 
more than a mere analogy. In superspace, the crossover in the sign of B occurs at vanishing 
B. A computation of the Ashtekar connection one- forms for the classical Schwarzschild 
solution yields [9] 

Tfl 

A 1 = ±^idt ± cos 9d(j> (20a) 



4 2 = - 1 ^sin^/o (206) 



1 '^-d0 (20c) 



if the vierbein one-forms {g tJLU dx^dx v = e a) are taken to be 



2t??< dv 
eA= { idt, — , rd9, r sin 9 dd> 

r 



(21) 



(As emphasized in Refs. 9, the classical Ashtekar connections are the anti-self-dual part 
of the spin connection and therefore depends on the orientation of the vierbeins). It can 
be seen that at the horizon r= 2m, the Ashtekar connection becomes abelian and B van- 
ishes. Moreover, it can be checked that B remains real and changes sign when we cross 
the horizon. It is appropriate here to interject a word of caution. The expressions (20) 
and (21) are for the Schwarzschild solution with Lorenztian signature. To obtain the Eu- 
clidean Schwarzschild solution, we can make the continuation t — > — ir, but the Euclidean 
Schwarzschild solution exists only for r> 2m[10], which also follows from requiring the 
Ashtekar potentials to be real. B still vanishes at the horizon of course. In general, for 
real connections, the gauge-invariant condition B{x) =0 has codimension one and thus 
naturally defines a two-dimensional surface on which it holds. (For complex Ashtekar 
connections which corresponds to spacetimes with Lorentzian signature, reality conditions 
have to be imposed on the variables but as we have discussed, for the Schwarzschild solu- 
tion, B of the Ashtekar connection remains real and switches sign at the horizon). 

The covariant supermetric in connection superspace exists if and only if B is non- 
vanishing. Thus configurations with vanishing B correspond to points in superspace at 
which the supermetric (9) is singular. Some examples are manifolds with horizons and 
manifolds described by Ashtekar potentials which are abelian anti-instantons[9]. In non- 
perturbative quantum gravity, such configurations stand out and can be expected to play 
crucial roles. 

The Gauss' Law and supermomentum constraints are first order in the momenta 
and generate SO(3) gauge transformations and gauge-covariant 3D diffeomorphisms re- 
spectively. Their constraint algebra closes without structure functions which depend on 
dynamical variables. This suggests that these constraints are to be treated differently 
from the superhamiltonian constraint which is quadratic in the momenta. Physically, it 
can be interpreted that the theory depends only on gauge-invariant 3-geometries and as 
is suggested by the form of the supermetric, the superhamiltonian constraint can then be 
used to determine the dynamical evolution of the theory with respect to an intrinsic time 
parameter. 

The existence of a supermetric allows a local decomposition of the cotangent space 
into gauge directions and their orthogonal complement with respect to the supermetric. 
There is thus a natural geometrical separation of the physical from the gauge degrees of 
freedom through the derived gauge-fixing conditions. Some recent works on the relevance 
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of such gauge-fixing conditions in gravity using conventional variables can be found in Ref. 
11. With G ia i b as the supermetric, the gauge-fixing conditions are obtained from 



d s xG %a3b 8Af a {8A 9 jb ) = (22) 

where 5 A 1 - and 5 A 9 are the physical modes and gauge directions respectively. Using the 
explicit form of the contraints, we obtain 

J d 3 xG^ b 5Ai(-D jV ) b = (23) 



and 



/ 



d 3 xG^ b SAi(e jkl B kb e) = J d 3 x2ee ac b b lc B* b 5At = (24) 



where b ta = ^ B 1 e ljk e abc B^ b B kc . 

The six gauge-fixing conditions are derived from the requirement that Eqns. 23 and 
24 hold for arbitrary r] a (x) and £*(x). Thus for non-degenerate magnetic fields, the gauge- 
fixing conditions for 3D diffeomorphisms lead to 

e ac h W b 5Ai = (25) 

In terms of the local coordinates of Eqn. 15, this is the same as the requirement that SX a f } 
be symmetric. Thus the unphysical modes ST a can be set to zero and we are left with a 
supermetric of signature sign(£? _1 )(+, — , — , — , — , — ) which picks out X a a as the preferred 
intrinsic time-like coordinate in superspace. Notice that the time-like coordinate has the 
interesting property of 

r d 3 xSX a a = SC (26) 



where C is the Chern-Simons functional. It should be noted that with the Ashtekar vari- 
ables, it is the supermomentum rather than the Gauss' Law constraint which eliminates 
the subspace of the supermetric which corresponds to the antisymmetric part of B ia 5Aib. 
Alternatively, if we order the supermomentum constraint in the connection-representation 

as 

tijkB ja T^-m(A)} = (27) 

0A ka 



and use 



SA ia (x) J y SA ia (x) SX b c (y) y '8X b a {x) 
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we have 



e ljk B^B kb e abc ^=0 (29) 



which, for non-degenerate magnetic fields, implies 5<&/5T c = . 

Three other gauge modes which correspond to the S0(3) gauge-invariance of the 
Ashtekar variables can be eliminated using (23) which leads to the gauge-fixing condition 

[D i (G i - jb 5Af b )] a = dii&ofiSAfd + e abc A b G^ d 5Af d = (30) 

With the non-trivial supermetric, this is a natural generalization. For ordinary SO (3) 
gauge theory in flat space-time, this gauge-fixing condition reduces to the usual covariant 
Coulomb gauge condition 

(D i SA{-) a = (31) 

since the supermetric for this particular instance is flat and is of the form G iajb = 5^8 ab . 
The gauge-fixing condition (30) however involves the gauge-invariant intrinsic time param- 
eter relative to which other degrees of freedom are to evolve. A more reasonable alternative 
gauge-fixing procedure is to use the supermetric for the subspace complement to the in- 
trinsic time coordinate to eliminate the gauge degrees of freedom of the subspace. Since 
we can also write 

(SS) 2 = {[(E°) ia SA ia } 2 - G iajb dA ia dA jb ] (32) 
the supermetric for the desired subspace has the form 

G iajb = (E b ) ia (Eiy b (33a) 

= B~ l S^B ib B ja - ^B ia B jb ^ (336) 

with vielbeins 

(E°) ia = (6B)~^B ta (34a) 

(E b ) ia = B~* S^±B ia d b c T ^B lb d a c ^ (346) 

The resultant gauge-fixing conditions from 

J d 3 xG iajb 5Ai(5A° b ) = (35) 

are as before 

e ac b B ib 5Aj- a = i.e.SX^is symmetric (36) 
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and 



[A(G 4 - i6 Mi)]° = (37) 



The gauge-fixing conditions that we have discussed so far are good only locally in su- 
perspace and there can be subtleties associated with Gribov copies[12]. Moreover, the 
gauge-fixing conditions are derived for regions in superspace where the supermetric is as- 
sumed to be regular. As we have discussed, this means that we stay away from singular 
points with vanishing B. In the context of perturbation theory, this restriction may not 
be unreasonable. Typically, as in the case of abelian anti-instantons, such configurations 
have more symmetry than neighbouring configurations and are thus singular in the gauge 
and diffeomorphism-invariant moduli space. The full quantum theory must of course take 
into account these intriguing configurations. 

Precisely because the contravariant superspace metric is chosen to be G. 



J iajb 



e ijk e abcB , the superhamiltonian constraint can be interpreted as the free Klein-Gordon 
equation in curved superspace with covariant metric 

Qiajb = £-1 j^B ia B jb - B ib B ja ^ (38) 

This provides a natural ordering for the "Ashtekar-Wheeler-DeWitt Equation" 

&/2~ia ^B- 3 / 2 e ijk e abc B kc } & b <f>[A] = (39) 

which in the connection-representation is equivalent to 

(de tG)-i^-(detG)ig iojt ^-*[A] = (40) 

(The equations are for wavefunctionals which are harmonic zero-forms in superspace. They 
can be generalized for instance, to the case of wavefunctionals of weight \ in superspace, 
by appropriate insertions of powers of detG.) Notice that in the classical context, (39) 
reduces to 

H = e ljk e abc B kc a ia P b = (41) 



and in local coordinates, the Ashtekar-Wheeler-DeWitt Equation can be written as 

(* + rf.)*. M=0 (42) 



where 

" * = {e c b ) ia ^ (43) 



SxK " v UJia 5A 



i a 



and 

n\ = B-*-^-{B--*(e b c ) ia } (44) 

The reduced configuration space can be interpreted to be the light-cone in curved 
superspace subject to the gauge-fixing conditions for SO(3) gauge transformations and 3D 
diffeomorphisms. A natural way to order the remaining constraints, which are first order in 
the momenta, is to place the momentum operator on the extreme right of the constraints, 
which then read 

{dt lA~ + eabcA ^lA~ c MA]= ° (45a) 
e ij k& a -^*[A]=0 (456) 

in the A-representation. The chosen ordering implies that the wavefunctionals which sat- 
isfy the constraints are invariant under infinitesimal SO(3) gauge transformations and 3D 
diffeomorphisms since 

*[A + 5A°] = <f>[A] + J d 3 x6Al(x)j^-^[A] = <f>[A] (46) 

is ensured by the ordering[13]. Issues related to possible anomalies in the associated 
quantum constraint algebra will be taken up in a future work. It has been argued by 
others that without proper regularizations, the closure of the quantum constraint algebra 
cannot be addressed meaningfully [14]. 

With the gauge-fixing conditions and supermetric in hand, we can now study various 
limits of the theory and consider perturbations about backgrounds (A* a , a™ ) which 
satisfy all the constraints. The fields can be decomposed as 

A ia = A* a + a ia ,a ia = Zi a + ? a (47) 

where a^ a and e ia are the fluctuations relative to the background (A* a , a* a ). To lowest 
order in the fluctuations, the linearized constraints are 

D'iP* + e a bc a b i al c = (48a) 
e ijk (B*) k a P a + a{ a [D\a ja - D> ia ] = (486) 
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D* denotes the covariant derivative with respect to the background gauge connection. 
Expanding about a background which is compatible with the constraints, the superhamil- 
tonian constraint can be written as 



r>kc~ia~jb , ~klm r / r>* „ \c~ia~jb 

k£abc-D* e +£ijkC e abc {V ia m ) a% 



+ 



r>kc~ia~jb , n ~klm I 7-1* „ \c~ia~jb , 



eafe c e c e a>idO>jeGT (T * + higher order terms 



= 



(49) 



The usual perturbation analysis is to consider fluctuations about the flat Euclidean 
^-independent background (A* a , cr* a ) = (0 , 8 ta ). Conventional perturbation analysis is 
carried out in the metric or vierbein representation. In the a -representation, the co- 
variant supermetric is the coefficient of the quadratic term in A ia (the variable conjugate 
to <r ia ), in the superhamiltonian constraint. This covariant supermetric has the form 
(detir) - ^ (a ia (ji b — a lb a^ a ) which implies that the metric of superspace parametrized by 
a ta takes the form 



5S 2 (x) = (det a)^(-E E — E E )8a ia Sa jb 



(50a) 



= (det?)* l-(E Sa ia ) 2 - (E Sa ia )(E 8a^ b )\ 



(506) 



where E is the inverse of a %a and (E , 5a ia ) is the traceless part of (E , 5a %a ). Demandin 




as before, that the physical modes of the subspace with supermetric (deter) ( ^E. E — 



EE. ) be orthogonal to the gauge directions, the gauge-fixing conditions are 



e a & c e = 



(51) 



and 



die* = 



(52) 



where e a is the traceless part of (o'er -1 ) 10 . The linearized constraints from (49a) and (49b) 



are 



Oie + e b &i — U 
dia b b - d b a b i = 



(53a) 
(536) 
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and to lowest order, the superhamiltonian constraint is 

e ab c d a a c b = (54) 

The constraints and gauge-fixing conditions are solved by a^ a and e ia being transverse, 
symmetric and traceless. These two local degrees of freedom of the theory linearized 
about the flat background can be identified with the usual gravitons[16]. In the asymptot- 
ically flat context, the boundary Hamiltonian generates asymptotic time translation and 
dynamical evolution for the theory. However, in the case of spatially compact manifolds, 
the supermetric (51) suggests that the intrinsic time parameter is proportional to ln(detcx) 
since E.^Sa 1 "- = <51n(deta). This is in agreement with the previous analyses based on the 
supermetric (4). In the linearized limit, the intrinsic time coordinate is proportional to 
tr(cr) since 

(SS)\. = \{tr~af-r% a (55) 

D 

Keeping the fluctuations to second order in the superhamiltonian constraint, we have 

a\a c c - a b c a c b + e ab c d a a c b + 4e cb a (d c a db )e da = (56) 

As can be expected from the form of superhamiltonian constraint of the full theory, in the 
cr-representation, we do not end up with a free Klein-Gordon equation (see also Ref. 15 
for connection and loop- representations perturbation analyses with the flat background). 
Note that expression (11), the supermetric of connection-superspace, is singular for this 
flat Euclidean background configuration! In the connection-representation, if we wish to 
consider the superhamiltonian constraint as the Klein-Gordon Equation in superspace, 
perturbing about the flat background is highly unnatural if not impossible. 

We now consider perturbations about an unconventional background field which will 
exhibit many of the salient features associated with the full theory in the connection- 
representation. Consider the ^-independent background 

(A* a ,Z?) = (6 ia ,0) (57) 

This choice of background leads to B\ a = S ia and the supermetric takes on a simple 
form for this configuration. It is as natural to consider such a background in the A- 
representation as it is to use the flat background with vanishing Ashtekar connection in 
the metric representation with supermetric (3) or in the cr-representation with supermetric 
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(51). The background with vanishing a ia is also an extremum of superhamiltonian H. 
What is remarkable about this background is that it is considered to be unphysical in the 
context of ADM variables because for vanishing densitized triads, the ADM variable gij 
(considered as derived from a ia through g lJ = (detd-)~ 1 (a ia a J a )) is not even well-defined. 
The supermetric (2) is singular at such a configuration and the constraints for the ADM 
variables are not defined for degenerate metrics. The situation is however very different 
with the Ashtekar variables since nowhere in the Ashtekar constraints is there a requirement 
that the conjugate variable a ia be non-degenerate. Thus it makes perfect sense to consider 
the perturbation about zero momenta. Notice also that this background satisfies all the 
constraints. Indeed in the ^-representation, the condition a %a = translates into 

lk m = (58) 

which has the interpretation that $[A] is a topological invariant of A ia . With the ordering 
of the constraints discussed previously, the condition (58) is sufficient for all the quantum 
constraints to hold and a state which satisfies it is a possible quantum state of the the- 
ory [13]. In particular, a quantum state with this property is the non-abelian Ray-Singer 
torsion $ = J DA exp(ikC) discussed in Ref. 16. 

With this unconventional background, the linearized Gauss' Law and supermomentum 
constraints take the form of 

di? a = (59a) 
e ija e ja = (596) 

Using 

{a ia (x),^ b (y)} pB = ±6 a b 6i j 6 3 (x - y) (60) 
the linearized constraints generate 

Sa ia = |a ia ,y d 3 x(7/b9 J -e 3 ' 6 + ^e J - fc6 e fc6 )| 

= \i~diVa + lSiad b v b + ee jia ) (61) 

where a ia is the traceless part of a ia . Thus the constraints preserve the tracelessness of 
ai a and suggest that the longitudinal and anti-symmetric parts of ai a can be gauged away. 
Indeed, with ai a = SAj^, the gauge-fixing conditions, (25) and (37), yield 

T ja a ja = (62a) 
d b a h a = (626) 
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So the constraints and gauge-fixing conditions indicate that the physical degrees of freedom 
are in the transverse and symmetric parts of ~a~i a and e ia . With this background, to lowest 
order (which is second order since there are no first order terms because the background 
with vanishing a ia is an extremum of H) the superhamiltonian constraint reads 

-aa^bb _ -ab^ba = q (gg) 

The perturbations can result in configurations with non-degenerate metrics when det(e ia ) 
is non-vanishing. The two local degrees of freedom associated with cii a and e ia described 
by Equations (60), (63)-(64), are the "nonconventional gravitons". 

All the constraints including the superhamiltonian constraint commute among them- 
selves. The supermetric at this background configuration is 

G iajb \ A * a = j^<W 6 - <T b <F a j (64) 

i.e. 

(^) 2 U L = {^(a c c ) 2 -a^} (65) 

where a^ a = 5Aj~ a and a^ a is symmetric, traceless and transverse. In the a-representation, 
as in the full theory, the superhamiltonian constraint translates into the free Klein- Gordon 
equation 

6 ,/ NO - / / Wa] = (66) 
(5a c c ) 2 5a a Sa a ) 1 1 K 1 

where a = 1, 2, 3, +, — , and the five conjugate variables to the traceless symmetric compo- 
nents of e ab can be written explicitly as 

a x = y/2a(23), a 2 = V2a^ 31 ), a 3 = V2a^ 12 ), (67a) 
a + = y|"(an + a 2 2), a_ = J^(an - a 22 ) (676) 



This suggests that the coordinate r = <J |tr(a) should be identified as the intrinsic time 
in the quantum theory. The conserved density can be chosen as the usual one for Klein- 
Gordon wavefunctionals. With appropriate restriction to positive frequency modes, it 
will be positive definite. "Plane wave" solutions are given by exp(i Je a a ce — tr(e)rd 3 x). 
However, one can also proceed further and obtain the massless Dirac equation 

7°^+7^}*[r,a Q ]=0 (68) 
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with the conserved ( in r — evolution) positive-definite probability density 

p=tf[T,a]V[T,a] (69) 

It is even possible to contemplate quantum states which are chiral in connection superspace. 

In momentum space, the two degrees of freedom can be isolated even more explicitly 
and the Fourier transform of a& c ( x) is 

a>bc(k) = A + (k)mbm c + A~ (k)fnbfn c (70) 

where (see, for instance, Ref. 16) the basis vectors satisfy 

m a m a = m a rh a = k a m a = k a m a = 0, m a rh a = 1 (71) 

and fn a is the complex conjugate of m a . The physical modes are the positive and neg- 
ative helicity modes. The same decomposition can be done for the transverse, symmetric 
and traceless conjugate variable e* c . As stated in the beginning, we have concentrated on 
real Ashtekar variables and this is consistent for spacetimes with Euclidean signature. The 
reality of a a b( x) (which need to be imposed only on the physical modes) is equivalent to 
the condition 

[a bc (k)] = a bc (-k) (72) 

Similar reality conditions can be imposed on the physical modes of the conjugate variables. 

It has been postulated by many authors that in quantum gravity, the signature of 
spacetime is not sacred and fluctuations of it can occur. Certainly for fluctuations about 
the background at which the metric is not even defined, it is rather unnatural to the im- 
pose a set of reality conditions on the Ashtekar variables to restrict the configurations 
to correspond to spacetimes with Lorenztian signature. It is more natural to start with 
complex variables and demand the wavefunctionals to be holomorphic in the Ashtekar po- 
tentials^^]. Although it may no longer be true that for complex potentials, the signature 
of the supermetric is as in expression (17), the decomposition (19) can still be carried out 
and the gauge-fixing conditions will not be altered. If we start with the Ashtekar variable 
written as Ai a = iKi a — |e a 6 c o;f c , it can be checked that provided the other constraints 
are satisfied, despite B ia being complex, the superhamiltonian constraint (5c) remains real 
if a %a is real. This suggests that in the quantum theory, despite the complex Ashtekar 
potentials, we should require the Laplacian operator in superspace to be hermitian with 
respect to a suitable measure and inner product after gauge-fixing. 
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We emphasize that the "unconventional" background is inaccessible to conventional 
perturbation analyses with the ADM variables and cannot be perturbatively related to the 
flat background. This highly interesting limit of the theory is precisely the zero-momentum 
limit of quantum gravity with Ashtekar variables. Various interesting questions such as 
the perturbative renormalizabilty (or non-renormalizability) of the theory about this un- 
conventional background, the physical implications of spin and chiral quantum states of 
gravity, the influence of matter fields on the stability of the theory, and the intriguing role 
of configurations with vanishing B in the dynamics of the full theory immediately come to 
mind, and are being studied. We hope to address these issues in a future report. 
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